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In the present work we perform a systematic shell model study of Gamow-Teller transition strength
distributions in sd shell nuclei using ab initio effective interactions. The ab initio effective inter-
actions are based on in-medium similarity renormalization group (IM-SRG) and coupled-cluster
effective interaction (CCEI) approaches. The aim of the present work is to test the predictive power
of ab initio effective interactions by using the available experimental data of Gamow-Teller strength
distributions in sd shell nuclei. We perform calculations for 20Ne → 20F, 23Na → 23Mg, 23Na →
23Ne, 24Mg→ 24Na, 24Mg→ 24Al, 25Mg→ 25Al, 26Mg→ 26Na, 26Mg→ 26Al, 26Si→ 26Al, 27Al→
27Si, 28Si → 28P, 31P → 31Si, and 32S → 32P transitions. For comparison we also show the results
obtained by using the phenomenological USDB Hamiltonian. The phenomenological USDB results
of the Gamow-Teller (GT+/GT−) strength distributions show reasonable agreements with the ex-
perimental data in comparison to the ab initio interactions. We also calculate the electron capture
reaction rates for 23Na(e−, ν)23Ne and 25Mg(e−, ν)25Na using ab initio and USDB interactions.
PACS numbers: 21.60.Cs, 21.60.Ev, 27.50.+e, 23.40.-s
I. INTRODUCTION
The Gamow-Teller (GT) transitions are one of the im-
portant tools to explore the structure of atomic nuclei
[1–6]. It has many applications such as β-decay in stel-
lar evolution and electron capture [7–10]; double electron
capture for heating of stars [11] and neutrino nucleosyn-
thesis [12–15]. There are two types of GT transitions, the
GT+ transition where a proton changes into a neutron,
and the GT− transition where a neutron changes into a
proton. The experimental B(GT ) strengths can be ob-
tained from β-decay studies, but the excitation energies
are limited by the decay Q-values in this approach. On
the other hand, with the charge exchange (CE) reactions,
such as (p, n), (n, p), (d,2He) or (3He,t), it is possible
to access GT transitions at higher energies without the
Q-value limitation. The experimental measurements at
scattering angles around 0◦ and incident energies above
100 MeV/nucleon provide valuable information on the
GT transitions.
There are various experimental probes for the measure-
ment of the GT strengths in sd shell nuclei in A = 20−32
mass region. For the GT+ transition, the (n, p) and
(d,2He) reactions are mainly used to obtain the strength
distribution. The (t,3He) reaction is also an alterna-
tive tool. The GT transition strengths extracted from
β-decay and CE reactions provide also important tests
for ab initio calculations.
Modern ab initio approaches, like the IM-SRG [16], the
coupled cluster theory [17] and the self-consistent Green’s
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function method [18], have been established and provide
accurate description of nuclear structure properties. The
ab initio approaches are more fundamental, although in
many cases empirical interactions still are used as bench-
marks. The ab initio calculations can be used not only
for spherical nuclei, but also to predict the ground and
excited state energies and deformations for doubly open-
shell nuclei [19]. The yrast deformed states in 20Ne and
24Mg have been recently reported in Ref. [19].
The aim of the present study is to calculate the GT
strengths for sd shell nuclei using ab initio approaches.
In Table I, we give a list of sd shell nuclei and corre-
sponding types of reactions, for which we perform the
shell model calculations. Thus, the present work will
add more information to earlier B(GT ) results for sd
shell nuclei obtained by using phenomenological interac-
tions. Previously, the B(GT ) strengths for A = 10 − 13
(p shell) nuclei, using the no-core shell model with two-
nucleon (NN) and three-nucleon (3N) interactions de-
rived from chiral effective field theory, were reported in
Ref. [20]. Results for the GT strength in the 7Be(3/2−g.s)
→ 7Li(3/2−g.s,1/2
−
1 ) transition, obtained by using the no-
core shell model with the Argonne V8′ NN potential
and the Tucson-Melbourne TM′(99) 3N potential, were
reported in Ref. [21].
In the next section, we discuss details on the ab initio
effective interactions, along with the phenomenological
USDB interaction and the GT operator. We also dis-
cuss the Ikeda sum rule to check the predictive power of
ab initio interactions. In section III, comparison between
the experimental and calculated GT strengths for 13 sets
of transitions are reported. In section IV, we discuss the
electron capture rates. Finally, a summary of the present
work is given in Section V.
2TABLE I: List of the GT transitions studied in this work. The data types available and the types of theoretical calculations used
are given. In the last column the references for the data sets, which are used for comparison with the theoretical calculations,
are given.
S.No. Initial Final β−decay (n,p) (d,2He) (t,3He) (3He,t) (p,n) CCEI IM-SRG USDB Ref.
1. 20Ne(0+) 20F(1+)
√ √ √ √
[29]
2. 23Na( 3
2
+
) 23Mg( 1
2
+
, 3
2
+
, 5
2
+
)
√ √ √ √
[30]
3. 23Na( 3
2
+
) 23Ne( 1
2
+
, 3
2
+
, 5
2
+
)
√ √ √ √
[31]
4. 24Mg(0+) 24Na(1+)
√ √ √ √ √
[32, 33]
5. 24Mg(0+) 24Al(1+)
√ √ √ √ √
[34, 35]
6. 25Mg( 5
2
+
) 25Al( 3
2
+
, 5
2
+
, 7
2
+
)
√ √ √ √
[36]
7. 26Mg(0+) 26Na(1+)
√ √ √ √ √
[37, 38]
8. 26Mg(0+) 26Al(1+)
√ √ √ √ √
[37, 39]
9. 26Si(0+) 26Al(1+)
√ √ √ √
[40]
10. 27Al( 5
2
+
) 27Si( 3
2
+
, 5
2
+
, 7
2
+
)
√ √ √ √
[41]
11. 28Si(0+) 28P(1+)
√ √ √ √ √
[34, 42]
12. 31P( 1
2
+
) 31Si( 1
2
+
, 3
2
+
)
√ √ √ √
[43]
13. 32S(0+) 32P(1+)
√ √ √ √
[44]
II. DETAILS ON ab initio CALCULATIONS
In order to describe the measured GT strength distri-
bution in sd shell nuclei, we have performed shell model
calculations with two modern ab initio approaches: The
in-medium similarity renormalization group (IM-SRG)
[19] and the coupled cluster effective interaction (CCEI)
[22–24]. For comparison, we have also performed calcu-
lations with the phenomenological USDB effective inter-
action [25]. For the diagonalization of matrices we used
the shell-model code NuShellX [26].
Stroberg et al . [19] derived a mass-dependent Hamilto-
nian for sd shell nuclei by using the IM-SRG [27] based
on chiral two- and three-nucleon interactions. In this
method, an initial Hamiltonian H , which is normal or-
dered with respect to a finite-density reference state |Φ〉
(e.g., the Hartree-Fock ground state) is given as:
H = E0 +
∑
ij
fij{a
†
iaj}+
1
2!2
∑
ijkl
Γijkl{a
†
ia
†
jalak}
+
1
3!2
∑
ijklmn
Wijklmn{a
†
ia
†
ja
†
kanamal}, (1)
where, E0, fij ,Γijkl and Wijklmn are the normal ordered
zero-, one-, two-, and three- body terms, respectively [28].
The normal ordered strings of creation and annihilation
operators obey 〈Φ|{a†i . . . aj}|Φ〉 = 0. Now, a continuous
unitary transformation is applied to the Hamiltonian of
Eq. 1. This unitary transformation is parameterized by
a parameter s which is called flow parameter:
H(s) = U(s)HU †(s) ≡ Hd(s) +Hod(s). (2)
Here Hd(s) is the diagonal part and Hod(s) is the off-
diagonal part of the Hamiltonian. As s → ∞, the off-
diagonal matrix elements become zero.
The evolution of Hamiltonian with the flow parameter
s is given as:
dH(s)
ds
= [η(s), H(s)], (3)
where η(s) is the anti-Hermitian generator of the unitary
transformation given by
η(s) ≡
dU(s)
ds
U †(s). (4)
TheHod(s) permits us to decouple the sd valence space
from the core and higher shells as s→∞. The resulting
Hamiltonian is used in the shell model calculations. In
the present calculations, we use the effective interactions
with ~Ω=24 MeV.
For the Hamiltonian of the CCEI approach, we have
used the followingA-dependent Hamiltonian as a starting
point:
HˆA =
∑
i<j
(
(pi − pj)
2
2mA
+ Vˆ
(i,j)
NN
)
+
∑
i<j<k
Vˆ
(i,j,k)
3N . (5)
The NN and 3N parts are taken from a next-to-next-
to-next-to leading order (N3LO) chiral nucleon-nucleon
interaction, and a next-to-next-to leading order (N2LO)
chiral three-body interaction, respectively.
For both IM-SRG and CCEI, we use ΛNN= 500 MeV
for the chiral N3LO NN interaction [45, 46], and Λ3N=
400 MeV for the chiral N2LO 3N interaction [47].
One can perform a unitary transformation of the
Hamiltonian (5) to obtain the Hamiltonian used for the
actual shell model calculations in the CCEI approach:
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FIG. 1: The calculated value of quenching factor for GT tran-
sitions in T = 1/2 sd shell mirror nuclei with A = 17 − 39
(A = 17 − 33) using CCEI and USDB (IM-SRG) effective
interactions.
HACCEI = H
Ac
0 +H
Ac+1
1 +H
Ac+2
2 + . . . . (6)
Here the first term HAc0 stands for the core, the sec-
ond term HAc+11 for the valence one-body, and H
Ac+2
2
for the two- body Hamiltonian. The two-body term is
derived from (5) by using Okubo-Lee-Suzuki (OLS) sim-
ilarity transformation [48, 49]. By applying this unitary
transformation, we get a non-Hermitian effective Hamil-
tonian. The similarity transformation is determined from
the metric operator [S†S]= P2(1 + ω
†ω)P2 (see Ref.
[50] for further details). Here, for making the Hamil-
tonian Hermitian, the metric operator S†S is used. The
Hermitian shell-model Hamiltonian is then obtained as
[S†S]1/2 HˆACCEI [S
†S]−1/2.
In the present work two-body matrix elements for IM-
SRG and CCEI ab initio approaches have been adopted
from Refs. [19] and [22], respectively.
The Gamow-Teller strength B(GT ) is calculated using
the following expression,
B(GT±) =
1
2Ji + 1
f2q |〈f ||
∑
k
σkτk±||i〉|
2, (7)
where τ+|p〉 = |n〉, τ−|n〉 = |p〉, the index k runs over
the single particle orbitals, and |i〉 and |f〉 describe the
state of the parent and daughter nuclei, respectively. In
the present work we have taken the value of quenching
factor as fq = 0.77 [51, 52]. In order to support our
above choice, we show the calculated quenching factors
for T = 1/2 sd shell nuclei with A = 17−39 [53] using the
three different interactions in Fig. 1. These quenching
factors are obtained by a chi-square fit of the theoretical
GT transition strengths to the corresponding experimen-
tal strengths. Note that the IM-SRG interaction and cor-
responding theoretical transition strengths are available
up to A = 34. We can see that the quenching factors ob-
tained are 0.79, 0.78 and 0.81 for the USDB, CCEI and
IM-SRG interactions, respectively. Although these val-
ues show a slight dependence on the interaction, in this
work we adopt fq = 0.77 for all three interactions, as this
is more consistent with the value fq = 0.764± 0.013 ob-
tained for USDB in ref. [52], where more data have been
used for the fitting. With this choice fq = 0.77, the r.m.s.
deviations from the experimental values are 0.088, 0.177
and 0.149 for USDB, CCEI and IM-SRG interactions,
respectively. Compared to the USDB case, the enhance-
ment of the r.m.s. deviations for CCEI and IM-SRG is
qualitatively similar to the deviations for the energy lev-
els [19, 22]. In the case of IM-SRG, the calculated B(GT )
values are very small and the deviations from the exper-
imental values become large for higher mass nuclei with
A ≥27. In the case of CCEI, large deviations are also seen
in several nuclei with higher mass, A = 31, 27, 25 and 33
with descending order of magnitude. This tendency may
be attributed to the increasing number of 3-valence nu-
cleon combinations interacting via 3N forces[19], which
we neglected in our calculation.
4In the present work we have also checked the Ikeda sum
rule (B(GT−)−B(GT+) = 3(N−Z)) for A = 23, 24 and
26. Both ab intio interactions used in the IM-SRG and
CCEI methods satisfy this sum rule, as does the phe-
nomenological USDB interaction. Thus we are confident
that enough excited states are taken into account in the
calculation of GT strengths for sd shell nuclei in the two
ab initio calculations.
III. COMPARISON OF THE EXPERIMENTAL
AND THEORETICAL GT STRENGTH
DISTRIBUTIONS
In this section we compare the theoretical results with
the experimental data.
A. 20Ne → 20F
In Fig. 2, we compare the B(GT ) strength distribu-
tion obtained from the two ab initio effective interactions
CCEI (Fig. 2 (b)) and IM-SRG (Fig. 2 (c)) and the
phenomenological USDB (Fig. 2 (d)) interaction with
the experimental data for the transition 20Ne → 20F.
The B(GT ) values for these transitions are known from
Ref. [29], where the data is obtained from the reaction
20Ne(n,p)20F up to the excitation energy Ex=10 MeV
of 20F. On the horizontal axis the excitation energies of
different 1+ states of 20F are shown. In the experimen-
tal data the B(GT ) strength is spread over a wide range
of excitation energies of 20F. The theoretical calculations
for the B(GT ) strength have already been done [29] in
the framework of the shell model using the universal sd
shell (SD) interaction of Wildenthal [54]. All three in-
teractions used here give the strongest peak around the
excitation energy ∼ 1 MeV, and other strong peaks are
observed around excitation energies ∼ 4 MeV and ∼ 8
MeV. The other peaks are small in strength. In Fig. 2
(c), the strongest peak is observed around the excitation
energy ∼ 1 MeV, but the strength is less than that of the
strongest peak in the CCEI. The USDB interaction also
shows the strongest peak at ∼ 1 MeV, but its strength
is smaller than that obtained with both ab initio inter-
actions. In the experimental data shown in Fig. 2 (a),
a wide spread of the B(GT ) strength distribution is ob-
served in the energy range 6-7 MeV and 8-9 MeV. How-
ever, theoretically very small B(GT ) strength is obtained
in the energy range 6-7 MeV. All three interactions also
show zero strength in the energy range 2-3 MeV. From
Fig. 2(b), 2(c) and 2(d), it is clear that, as we go towards
higher excitation energy, the B(GT ) strength decreases
and then increases again at the excitation energy around
8-9 MeV. All three interactions give the ground state
(g.s.) 2+ for 20F in agreement with the experiment. In
Fig. 2(e), the accumulated sums of B(GT ) are shown as
a function of excitation energy of 20F. The CCEI gives
better results compared to the other interactions. The
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FIG. 2: Comparison of the experimental and theoretical
B(GT ) distributions for 20Ne → 20F.
5summed B(GT ) values at higher excitation energies are
lower than the experimental data for all three interac-
tions used here. The small calculated B(GT ) values in
comparison to the experimental values at Ex > 5 MeV
can be attributed to the limitation of the configuration
space within the sd shell. The breaking of 16O core is im-
portant for the fragmentation of the GT strength. Shell-
model calculations can be performed in p-sd model space
to include the B(GT ) strength beyond Ex > 10 MeV.
The 20Ne is a well deformed nucleus, and has admixtures
of g-shell components [55]. We should also keep in mind
that the experimental data have rather large errors, as
large as 0.209 for the sum of B(GT ) [29].
B. 23Na → 23Mg
Fig. 3 shows the experimental and theoretical B(GT )
strength distribution for the transition 23Na → 23Mg.
Here, the experimental data is available from the
23Na(3He,t)23Mg reaction [30]. In this reaction the
B(GT ) transitions were measured at the incident energy
of 140 MeV per nucleon with the energy resolution of 45
keV. The 23Na and 23Mg are deformed nuclei with the
static quadrupole moments 10.1 ± 0.2 fm2 [56] and 11.4
± 0.3 fm2 [57], respectively. These nuclei are important
from astrophysical point of view. In Fig. 3 (a) the ex-
perimental data are shown up to the excitation energy
11.132 MeV of 23Mg. In Ref. [30], the strength of the
first transition (23Na(32
+
)→ 23Mg(32
+
)) is 0.340, which is
the mixture of B(GT ) and Fermi transition strength. We
have excluded the Fermi transition strength. Now, the
B(GT ) transition strength is 0.09. The largest B(GT )
strength is at the excitation energy 8.168 MeV. Fig. 3
(b) shows the B(GT ) strength obtained in the CCEI.
The CCEI gives a strong peak at the excitation energy
5.637 MeV, and the magnitude of strength is also com-
parable with the strongest peak observed in the experi-
ment. This peak comes from the transition 23Na(32
+
1
) →
23Mg(52
+
4
). In the energy range 6-12 MeV, we see many
B(GT ) transitions which are not observed in the exper-
iment. Fig. 3 (c) shows results of the IM-SRG interac-
tion. The IM-SRG interaction gives the strongest peak of
the B(GT ) strength at the excitation energy 5.826 MeV,
and its strength is comparable with the strength of the
strongest peak obtained with the CCEI and observed in
the experiment. The density of peaks is smaller for the
IM-SRG interaction compared to the CCEI. In Fig. 3 (d),
we see the strongest peak at the excitation energy 8.513
MeV. All three interactions give the g.s. 32
+
for 23Mg,
in agreement with the experimentally observed g.s. The
distribution of accumulated sums ofB(GT ) for the exper-
imental data and the theoretical calculations is shown in
Fig. 3 (e). The CCEI and USDB interactions show simi-
lar trends for the summed B(GT ). The IM-SRG interac-
tion gives larger values for the summed B(GT ) strengths
than the CCEI or the experiment.
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FIG. 3: Comparison of the experimental and theoretical
B(GT ) distributions for 23Na → 23Mg.
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B(GT ) distributions for 23Na → 23Ne .
C. 23Na → 23Ne
In Fig. 4 (a) the experimental B(GT ) strength distri-
bution for the transition 23Na → 23Ne [31], observed in
the charge exchange reaction 23Na(n, p)23Ne, is shown.
Previously, the shell model results for B(GT ) distribu-
tion were shown in Ref. [31], and in the present work
we show the calculations obtained by using the recent
phenomenological USDB interaction in comparison with
the ab initio effective interactions. The experimental
B(GT ) strength (Fig. 4 (a)) is dominated in the exci-
tation energy range 3.432-3.458 MeV. The other peaks
outside this range have very small B(GT ) values. With
the CCEI (Fig. 4 (b)), we get the strongest peak at the
excitation energy 3.170 MeV, but its strength is approxi-
mately three times less than the experimental value. We
also see some other peaks with B(GT ) values below 0.1.
In the IM-SRG approach (4 (c)), we get two peaks with
strengths larger than 0.1. In Fig. 4 (d), the B(GT ) dis-
tribution is shown for the USDB interaction. We see the
strongest peak at the excitation energy 3.508 MeV. All
strong peaks in the theoretical calculations correspond to
the transition 23Na(32
+
1
)→ 23Ne(12
+
2
). All three interac-
tions give the g.s. 52
+
for 23Ne, in agreement with the
experiment. The summed B(GT ) values (Fig. 4 (e))
obtained with USDB show a similar trend as the experi-
mental values up to the excitation energy 3.5 MeV. The
theoretical B(GT ) strength is generally lower than the
experimental one.
D. 24Mg → 24Na
Figure 5 shows the B(GT ) strength distribution ob-
tained from the shell model calculations, and the exper-
imental data for the transition 24Mg → 24Na. There are
two experimental data for the B(GT ) distribution avail-
able from the 24Mg(t,3He)24Na and 24Mg(d,2He)24Na re-
actions. The 24Mg(t,3He)24Na reaction was performed
at the energy of 115 MeV per nucleon, using a secondary
triton beam with the energy resolution of about 200 keV
[32]. The 24Mg(d,2He)24Na reaction was performed at
the energy 170 MeV, and a good resolution of the or-
der of 145 keV was obtained in this reaction [33] . The
shell model calculations with the phenomenological inter-
actions USDA and USDB have already been performed
[32]. Fig. 5 (a) shows the data from 24Mg(t,3He)24Na
reaction. In this case, we see the strongest peak at the
excitation energy 1.346 MeV of 24Na. We also find that
the distribution of the B(GT ) strength is in the energy
windows from 3.14-3.94 MeV and 6.5-7.1 MeV for this
reaction. Fig. 5 (b) shows the experimental information
for the B(GT ) distribution from 24Mg(d,2He)24Na reac-
tion. This reaction gives the strongest peak at the excita-
tion energy 1.35 MeV with nearly the same B(GT ) value
as obtained from the 24Mg(t,3He)24Na reaction. Some
other peaks are also observed with less strength. Fig.
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FIG. 5: Comparison of the experimental and theoretical
B(GT ) distributions for 24Mg → 24Na.
5 (c) shows the B(GT ) distribution obtained with the
CCEI. The CCEI predicts 1+ as the g.s. of 24Na, while
the g.s. from the experiment is 4+. In Fig. 5 (c) we see
the strongest peak at the excitation energy 0.417 MeV,
which comes from the transition 24Mg(0+) → 24Na(1+2 ).
The B(GT ) distribution obtained with the IM-SRG in-
teraction is shown in Fig. 5 (d). The IM-SRG interaction
gives the g.s. of 24Na as 2+. With this interaction we get
the strongest peak at the excitation energy 0.110 MeV,
which comes from the transition 24Mg(0+) → 24Na(1+1 ).
Fig. 5 (e) shows the B(GT ) distribution obtained with
the phenomenological USDB interaction. Here we see the
strongest peak at the excitation energy 1.323 MeV and
the next strongest peak at 3.345 MeV, which come from
the transitions 24Mg(0+) → 24Na(1+2 ) and
24Mg(0+) →
24Na(1+3 ), respectively. Fig. 5 (f) shows the trend of the
accumulated sums of the B(GT ) distribution obtained
from the experimental data and the theoretical calcula-
tions. The USDB interaction gives a similar trend as the
experimental data for both reactions.
E. 24Mg → 24Al
The experimental information on the B(GT ) strength
distribution for the transition 24Mg → 24Al is available
from the 24Mg(3He,t)24Al reaction observed at 420 MeV
[35], and the 24Mg(p,n)24Al reaction observed at 136
MeV [34]. The results of the shell model calculation
for the B(GT ) strength have been previously reported
in Ref. [35], where the phenomenological interactions
USDA and USDB were employed. Fig. 6 (a) shows
the data from the 24Mg(3He,t)24Al reaction. We see the
strongest peak at the excitation energy 1.090 MeV, and
the next strongest peak at 3.001 MeV. Other peaks are
also observed with less strengths. Fig. 6 (b) shows the
data from the 24Mg(p,n)24Al reaction. In this reaction
the strongest peak is observed at the excitation energy
1.07 MeV, and the next strongest peak at 2.98 MeV. In
Fig. 6 (c) the theoretical B(GT ) distribution, obtained
by using the CCEI, is shown. The CCEI gives the g.s.
2+ for 24Al, whereas the experimental g.s. is 4+. The
CCEI gives the strongest peak at the excitation energy
0.615 MeV, which comes from the transition 24Mg(0+)→
24Al (1+2 ). The second strongest peak is observed at the
excitation energy 3.205 MeV. In Fig. 6 (d) the theo-
retical B(GT ) distribution is shown with the IM-SRG
interaction. The IM-SRG interaction gives g.s. as 2+
for 24Al. The IM-SRG interaction gives the strongest
peak at the excitation energy 0.077 MeV which comes
from the transition 24Mg(0+)→ 24Al (1+1 ). The second
strongest peak is observed at the excitation energy 3.486
MeV. Fig. 6 (e) shows the theoretical B(GT ) distribu-
tion obtained with the USDB interaction. The USDB
interaction gives the strongest peak at 0.783 MeV which
comes from the transition 24Mg(0+)→ 24Al (1+2 ), and
the second strongest peak at 2.805 MeV. The USDB in-
teraction gives the g.s. 4+ for 24Al, in agreement with
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FIG. 6: Comparison of the experimental and theoretical
B(GT ) distributions for 24Mg → 24Al.
the experiment. The summed B(GT ) strength distribu-
tion is shown up to the excitation energy 7 MeV. The
USDB interaction gives a reasonable agreement with the
experimental data, while the results from ab initio in-
teractions show smaller strength in comparison with the
experiment.
F. 25Mg → 25Al
The B(GT ) strength distribution for the transition
25Mg→ 25Al is shown in Fig. 7 (a). This distribution has
been measured via the 25Mg(3He,t)25Al reaction at the
energy of 140 MeV per nucleon [36]. The 25Mg and 25Al
nuclei are known to be strongly deformed, and the states
of these mirror nuclei are well described in terms of the
particle rotor model [36]. In the experiment, the B(GT )
strength from the transition 25Mg(52
+
1
) to 25Al(52
+
1
) is
dominant, while the other B(GT ) strengths are very
much suppressed. The explanation of the suppression
of B(GT ) transitions in A = 25 system is given on the
basis of the selection rules of the K quantum number in
rotational bands, and also assuming the usual selection
rule △Jpi=1+ for the B(GT ) operator. Most of the ob-
served B(GT ) transition strength is very small and less
reliable, see Ref. [36]. In particular, it is very weak in the
∼ 2 - 6 MeV energy range. In Fig. 7 (b), which shows the
theoretical results obtained by using the CCEI approach,
we see a considerable amount of B(GT ) strength in the
2 - 6 MeV energy range. This method gives two domi-
nant peaks at excitation energies 0.474 MeV and 1.847
MeV with smaller B(GT ) values than the experiment.
The first peak comes from the transition 25Mg(52
+
1
) to
25Al(52
+
1
), and the second one comes from 25Mg(52
+
1
) to
25Al(72
+
1
). In Fig. 7 (c), which shows the results for the
IM-SRG, we see a peak as in the experiment around ∼ 6
MeV. The strength distribution calculated with the IM-
SRG interaction gives the first dominant peak at higher
energy in comparison with the experiment. Fig. 7 (d)
shows the B(GT ) strength distribution obtained with the
USDB interaction. The first two peaks show a reasonable
agreement with experiment. Above the excitation energy
6 MeV, we see a peak with smaller magnitude in compar-
ison with experiment. The accumulated sums from the
theoretical calculations and experimental data are shown
in Fig. 7 (e). The USDB results agree reasonably well
with experiment, compared to the ab initio interactions.
G. 26Mg → 26Na
The B(GT ) strength distribution for the transition
26Mg → 26Na is shown in Fig. 8. Fig. 8 (a) shows
the distribution observed with the 26Mg(t,3He)26Na re-
action at the energy of 115 MeV per nucleon [37].
From the experimental data 26Mg(t,3He)26Na, we see the
most intense peak at the excitation energy 0.08 MeV
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of 26Na. Fig. 8 (b) shows the experimental informa-
tion from the 26Mg(d,2He)26Na reaction. This reaction
also shows a strong peak at the excitation energy 0.08
MeV. The B(GT ) strenghts from the 26Mg(d,2He)26Na
data are smaller in magnitude than those from the
26Mg(t,3He)26Na data. Fig. 8 (c) shows the distribution
obtained with the CCEI approach. This method gives
the g.s. of 26Na as 2+, whereas the experimental g.s. is
3+. With the CCEI, a strong peak is observed at the ex-
citation energy 3.894 MeV. Fig. 8 (d) shows the theoret-
ical calculations obtained with the IM-SRG interaction.
From this figure we see the strongest peak at zero excita-
tion energy, but the strength of this transition is less than
half of the strength observed for the strongest peak in the
experiment. Other calculated strengths are also weak in
comparison with both the experimental data. The IM-
SRG interaction gives 1+ as the g.s. of 26Na. Fig. 8 (e)
shows the distribution obtained with the USDB interac-
tion. It shows a strong peak which is comparable with
both experimental data. The USDB interaction gives
3+ as the g.s. of 26Na, in agreement with experiment.
The accumulated sums are shown in Fig. 8 (f). The
results obatined from the USDB interaction are much
better than the ab initio interactions.
H. 26Mg → 26Al
Fig. 9 shows the GT strength distribution for the
transition from 26Mg → 26Al. Information on the
B(GT ) strength is available from the 26Mg(3He,t)26Al
[37] (Fig. 9 (a)) and 26Mg(p, n)26Al [39] (Fig. 9 (b)) re-
actions. The 26Mg(3He,t)26Al reaction was observed at
140 MeV/nucleon with energy resolution of 100 keV. In
Fig. 9 (c) the results obtained by using the CCEI are
shown. In this case we see a strong transition at the ex-
citation energy 3.498 MeV of 26Al, which comes from the
transition 26Mg (0+) → 26Al (1+5 ). The CCEI gives the
g.s. 3+ for 26Al, while the experimental g.s. is 5+. Fig. 9
(d) shows the B(GT ) strength distribution using the IM-
SRG interaction. In this case we see a strong peak at the
excitation energy 1.849 MeV, which comes from the tran-
sition 26Mg (0+) → 26Al (1+4 ). The IM-SRG interaction
gives g.s. 1+ for 26Al. In Fig. 9 (e) the B(GT ) strength
distribution obtained by using the phenomenological in-
teraction USDB is shown. This interaction gives a strong
peak at the excitation energy 1.034 MeV, which comes
from the transition 26Mg (0+) → 26Al (1+1 ). The USDB
interaction gives 5+ g.s. for 26Al, in agreement with the
experiment. Fig. 9 (f) shows the accumulated sums of
B(GT ) strength for the theoretical calculations and the
experimental data. The IM-SRG and USDB interactions
show almost the same trend as the experimental data,
while the CCEI interaction gives lower values.
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I. 26Si → 26Al
The experimental and theoretical information on the
B(GT ) strength distribution for the transition 26Si →
26Al is shown in Fig. 10. In Fig. 10 (a) the experimental
data from β- decay [40] is shown. We see a strong peak
at the excitation energy 1.0577 MeV of 26Al. The exper-
imental data are very sparse. The only four peaks are
observed up to the excitation energy 3 MeV of 26Al. In
Fig. 10 (b), the theoretical B(GT ) strength distribution
obtained by using the CCEI is shown. It gives a strong
peak at the excitation energy 1.403 MeV. The strength
of this peak is smaller in comparison with the strongest
peak from the experimental data. The CCEI gives 3+ as
the g.s. of 26Al, whereas the experimental g.s. is 5+. Fig.
10 (c) shows the B(GT ) strength distribution for the IM-
SRG interaction. We get a strong peak at the excitation
energy 1.849 MeV. The strength of this peak is compara-
ble with the experimental data. The IM-SRG interaction
gives 1+ g.s. for 26Al. Fig. 10 (d) shows the B(GT )
strength distribution from the USDB interaction. The
USDB interaction gives a strong peak at the excitation
energy 1.034 MeV. The results from the USDB interac-
tion are in better agreement with the experimental data,
compared to both ab initio interactions. The USDB in-
teraction gives 5+ g.s. for 26Al, in agreement with the
experiment. Fig. 10 (e) shows the accumulated sums
of B(GT ) strengths for the experimental data and the
theoretical calculations. The summed B(GT ) strength
from the USDB interaction matches well with the exper-
imental data, whereas the IM-SRG interaction shows the
same trend after the excitation energy 2 MeV. The CCEI
gives lower values in comparison with the experimental
data.
J. 27Al → 27Si
The nuclei 27Si and 27Al are T=1/2 mirror nuclei. The
information on the B(GT ) strength distribution for the
transition 27Al → 27Si is given in Ref. [41]. For these
transitions only one experimental data set is available
from the reaction 27Al(3He,t)27Si, which was performed
at 150 MeV/nucleon and at scattering angle 0◦. The
B(GT ) strength distribution up to the excitation energy
9.95 MeV is shown in Fig. 11 (a). In the experimental
data, the strength of the transition 27Al(52
+
1
)→ 27Si(52
+
1
)
is larger than the other B(GT ) strengths (At Ex(
27Si)=
0.0 MeV, this strength is obtained by removing the Fermi
transition strength). The experimental B(GT ) strength
at the excitation energies 0.98, 5.51 and 5.84 MeV are not
very reliable, and those at 4.49, 5.30 and 6.06 MeV are
less reliable [41]. Fig. 11 (b) shows the results obtained
with the CCEI. At lower energies, the B(GT ) strength
distribution is very small. We get a strong peak at the
excitation energy 9.195 MeV of 27Si, which comes from
the transition 27Al(52
+
1
)→ 27Si(72
+
12
). In the region of the
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FIG. 11: Comparison of the experimental and theoretical
B(GT ) distributions for 27Al → 27Si.
excitation energy range 5-10 MeV, the B(GT ) strengths
are more dense as compared to below 5 MeV. For 27Si, the
CCEI gives 32
+
as the g.s. of 27Si, while the experimental
g.s. is 52
+
. The B(GT ) strength distribution from the
IM-SRG interaction is shown in Fig. 11 (c). The IM-SRG
interaction gives two strong peaks at energies 2.698 MeV
and 7.387 MeV. The IM-SRG interaction gives 32
+
g.s.
for 27Si. Fig. 11 (d) shows the B(GT ) distribution from
the USDB interaction. In this case we also get two strong
peaks at 0.0 MeV and 2.841 MeV in 27Si. The USDB
interaction gives 52
+
as the g.s. of 27Si, in agreement with
the experiment. The comparison of accumulated sums
of B(GT ) strengths for theoretical and the experimental
values is shown in Fig. 11 (e). The USDB and IM-SRG
interactions give same trend as the experimental data,
while the CCEI method gives smaller values.
K. 28Si → 28P
The experimental information on the distribution of
B(GT ) strength is shown in Fig. 12. There are two
experimental data sets available for the transition 28Si
→ 28P. The charge exchange reaction 28Si(3He,t)28P was
performed at 150 MeV/nucleon, using the dispersion-
matching technique [42] to get good energy resolution.
In Fig. 12(a) the results for the 28Si(3He,t)28P reaction
are shown up to the excitation energy 5.57 MeV. The
shell model study has already been carried out [42] by
using Wildenthal’s USD interaction. In this figure, a
large B(GT ) strength is obtained at the excitation en-
ergy 2.15 MeV, but this value is normalized to the (p,n)
data which is taken from Ref. [34]. The B(GT ) distribu-
tion from the 28Si(p,n)28P reaction performed at energy
136 MeV per nucleon is given in Fig. 12(b). Here, a
large B(GT ) strength is obtained at the excitation en-
ergy 2.10 MeV of 28P. Fig. 12(c) shows the theoretical
results by using CCEI. We get a strong transition at 2.562
MeV with B(GT ) strength 0.82, which comes from the
transition 28Si(0+) → 28P(1+3 ). We can also see many
transitions above the excitation energy 4 MeV of 28P,
but they are very small in strength. The experimental
g.s. of 28P is 3+, while the CCEI predicts 0+. Fig. 12(d)
shows the B(GT ) strength distribution from the IM-SRG
interaction. Here, we see a strong peak at the excitation
energy 2.056 MeV of 28P, which comes from the transi-
tion 28Si(0+) → 28P(1+3 ). The IM-SRG interaction pre-
dicts 2+ as the g.s. of 28P. In Fig. 12(e), the B(GT )
strength distribution obtained with the USDB interac-
tion is shown. In this case, we can see two comparable
peaks at excitation energies 2.065 and 4.847 MeV of 28P,
which come from the transition 28Si(0+) → 28P(1+3 ) and
28Si(0+)→ 28P(1+7 ), respectively. The USDB interaction
gives 3+ g.s. for 28P, in agreement with the experiment.
In Fig. 12(f), the accumulated sums of B(GT ) strengths
is shown. The USDB interaction shows a similar trend
as the experimental data. The IM-SRG interaction gives
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FIG. 12: Comparison of the experimental and theoretical
B(GT ) distributions for 28Si → 28P.
smaller value in comparison with the other interactions
and the experimental data.
L. 31P → 31Si
The B(GT ) strength distribution for the transition 31P
→ 31Si is shown in Fig. 13. In Fig. 13(a), the experi-
mental data is shown for the reaction 31P(n, p)31Si [43].
In the experimental data, we see an intense peak at the
excitation energy 5 MeV of 31Si. The charge exchange
reaction 31P(n, p)31Si was performed to find the double
differential cross section with the incident neutron en-
ergy of 198 MeV. Using multipole decomposition tech-
niques the B(GT ) strength distribution was extracted.
The shell model study using the universal sd (USD) in-
teraction has already been done in Ref. [43]. Fig. 13(b)
shows the B(GT ) distribution obtained with the CCEI
method. We see the strongest peak at the excitation en-
ergy 3.557 MeV of 31Si, which comes from the transition
31P(12
+
1
) → 31Si(32
+
2
). The strength of this transition is
very small in comparison to the strength of the strongest
peak in the experiment. The CCEI gives 32
+
g.s. for
31Si, which agrees with the experiment. In Fig. 13(c),
the distribution of the B(GT ) strength is shown for the
IM-SRG interaction. Here, we see the strongest peak at
the excitation energy 4.685 MeV of 31Si, which comes
from the transition 31P(12
+
1
) → 31Si(12
+
3
), but also here
the strength is very small compared to the strongest peak
in the experimental data. The IM-SRG also reproduces
correctly the experimental g.s. of 31Si. Fig. 13(d) shows
the B(GT ) distribution from the USDB interaction. In
this case the strongest peak is observed at the excitation
energy 4.661 MeV with strength 0.30, which is larger than
the strength of the peaks obtained in the ab initio inter-
actions. This peak comes from the transition 31P(12
+
1
)→
31Si(12
+
2
). The USDB interaction also gives the correct
g.s. of 31Si. Fig. 13(e) shows the accumulated B(GT )
strengths for all three interactions and the experimental
data. All three interactions give small values in compar-
ison to the experimental data.
M. 32S → 32P
Fig. 14 presents the experimental and theoretical in-
formation on the distribution of the B(GT ) strength for
the transition 32S → 32P. For the experimental data, the
charge exchange reaction 32S(d,2He)32P was performed
at forward angles and at an incident energy of Ed= 170
MeV with a resolution of 150 keV [44]. Fig. 14 (a) shows
the experimental data for B(GT ) strength distribution.
Here, we see an intense peak at the excitation energy 4.2
MeV of 32P. The experimental g.s. of 32P is 1+. Fig.
14 (b) presents the results obtained by using the CCEI.
Here, we see three strong peaks at excitation energies
4.573 MeV, 5.494 MeV and 6.741 MeV in 32P, which
14
TABLE II: Comparison between the experimental and theoretical centroid energy of GT distributions for sd shell nuclei.
S.No. Initial Final β−decay (n,p) (d,2He) (t,3He) (3He,t) (p,n) CCEI IM-SRG USDB
1. 20Ne(0+) 20F(1+) 5.39 4.66 4.92 5.08
2. 23Na( 3
2
+
) 23Mg( 1
2
+
, 3
2
+
, 5
2
+
) 5.00 5.86 5.19 5.59
3. 23Na( 3
2
+
) 23Ne( 1
2
+
, 3
2
+
, 5
2
+
) 3.01 1.63 1.81 2.10
4. 24Mg(0+) 24Na(1+) 2.73 3.22 1.96 1.67 2.82
5. 24Mg(0+) 24Al(1+) 2.44 2.21 2.35 1.50 2.28
6. 25Mg( 5
2
+
) 25Al( 3
2
+
, 5
2
+
, 7
2
+
) 1.93 2.33 2.00 0.88
7. 26Mg(0+) 26Na(1+) 1.74 1.90 2.20 1.82 1.58
8. 26Mg(0+) 26Al(1+) 6.08 5.95 8.47 6.40 6.87
9. 26Si(0+) 26Al(1+) 1.44 1.24 1.37 1.32
10. 27Al( 5
2
+
) 27Si( 3
2
+
, 5
2
+
, 7
2
+
) 5.35 7.29 5.60 5.37
11. 28Si(0+) 28P(1+) 2.80 3.64 6.08 3.82 3.66
12. 31P( 1
2
+
) 31Si( 1
2
+
, 3
2
+
) 3.53 2.61 4.19 3.39
13. 32S(0+) 32P(1+) 4.10 5.36 3.45 5.31
come from the transitions 32S(0+) → 32P(1+3 ),
32S(0+)
→ 32P(1+4 ) and
32S(0+) → 32P(1+5 ), respectively. The
CCEI predicts the g.s. of 32P as 2+, while the experimen-
tal g.s. is 1+. Fig. 14 (c) shows the B(GT ) distribution
obtained by using the IM-SRG interaction. Here, we no-
tice a peak at excitation energy 3.642 MeV of 32P, which
comes from the transition 32S(0+) → 32P(1+5 ), weak in
comparison to the the strongest peak of the experimental
data and the CCEI results. The IM-SRG interaction give
0+ as the g.s. of 32P. Fig. 14 (d) shows the B(GT ) dis-
tribution obtained by using the phenomenological USDB
interaction. This interaction gives two peaks with com-
parable strengths, but weak compared to the strongest
peak from the experimental data. The strong peaks with
the USDB interaction are at excitation energies 5.33 MeV
and 6.019 MeV of 32P, which come from the transitions
32S(0+)→ 32P(1+6 ) and
32S(0+)→ 32P(1+7 ), respectively.
The USDB interaction gives 3+ as the g.s. of 32P. Fig.
14 (e) shows the accumulated sums of B(GT ) strength.
Among the three interactions, the CCEI gives better re-
sults for the accumulated sums.
N. Centroid energies
In Sects. III.A–III.M, we discussed GT distributions
for sd shell nuclei obtained with the two ab initio interac-
tions as well as the USDB. Among the three interactions,
the USDB in general gives the best account of the exper-
imental data. The ab initio interactions give rather rea-
sonable account of the experimental data, though there
are deviations in many cases. In Table II, we show a com-
parison between the experimental and theoretical cen-
troid energies of the GT distributions for sd shell nuclei.
Ab initio interactions give larger GT strength than
USDB and the experimental data in the lower excita-
tion energy region, for example, in the 23Na → 23Ne
and 24Mg → 24Na (< 1 MeV) transitions. On the other
hand, less GT strength is seen in lower excitation energy
region, for example, in the 25Mg → 25Al and 26Mg →
26Na transitions. This is also true for the 26Mg → 26Al
and 27Al → 27Si transitions in case of CCEI. These dif-
ferences are reflected in the centroid energies of the GT
distributions. They are smaller (larger) when more (less)
strength is found in the lower excitation energy region as
shown in Table II. In case of the ab initio interactions,
single-particle energy gap between d3/2 and d5/2 orbits
is large compared to USDB, in particular for CCEI. This
could explain the general feature that ab initio interac-
tions show much lower strength at low energies in higher
mass nuclei. Especially small GT strengths for CCEI in
the transitions shown in Figs. 9-11 can be attributed
to insufficient contributions from d3/2 orbit due to the
largest gap among the interactions. As discussed in Sect.
II, deviations of the GT strength, calculated by using
the ab initio interactions, from the experimental data be-
come generally larger for the higher mass nuclei because
of the lack of three-body cluster terms among valence
nucleons.
In the present calculations, we used the one-body
GT operator with a universal quenching factor for
both ab initio and phenomenological USDB interactions.
However, the GT operator should be evolved in the same
way as the Hamiltonians for the IM-SRG and CCEI
methods. This gives rise to induced two-body operators
[58]. Although this effect is taken into account here by
adopting a phenomenological universal quenching factor
for the one-body operator, induced two-body operators
can lead to mass dependent quenching factors, which may
also depend on the interactions. The present calculation,
therefore, has limitations because of the truncations of
the Hamiltonians up to the two-body terms, and the op-
erator up to the one-body term.
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B(GT ) distributions for 31P → 31Si.
0.0
0.5
1.0
0.0
0.5
1.0
0.0
0.5
1.0
0.0
0.5
1.0
0 1 2 3 4 5 6 7 8
0.0
0.5
1.0
1.5
2.0
2.5
3.0
(d)
 
B
(G
T)
USDB
(c)
 
B
(G
T)
IM-SRG
(b)
 
B
(G
T)
CCEI
 
B
(G
T)
data 32S(d,2He)(a)
(e)
 
 
B
(G
T)
Ex(
32P)(MeV)
 USDB
 IM-SRG
 CCEI
 (d,2He)
FIG. 14: Comparison of the experimental and theoretical
B(GT ) distributions for 32S → 32P.
16
IV. ELECTRON CAPTURE RATES IN 23NA
AND 25MG
In this section, we apply the GT transition strengths
obtained by the ab initio effective interactions in sd shell
nuclei to evaluate the electron capture rates in stellar
environments.
Electron capture rates at high densities and high tem-
peratures are evaluated as [59–62]
λ =
ln2
6146(s)
∑
i
Wi
∑
f
B(GT ; i→ f)
×
∫ ∞
ωmin
ωp(Qif + ω)
2F (Z, ω)Se(ω)dω,
Qif = (Mpc
2 −Mdc
2 + Ei − Ef )/mec
2,
Wi = (2Ji + 1)e
−Ei/kT /
∑
i
(2Ji + 1)e
−Ei/kT , (8)
where ω and p are electron energy and momentum in
units of mec
2 and mec; Mp and Md are the masses of
parent and daughter nuclei, and Ei and Ef are excita-
tion energies of initial and final states. F (Z, ω) is the
Fermi function, and Se(ω) is the Fermi-Dirac distribu-
tion for electrons, where the chemical potential (µe) is
determined from the density (ρYe) by
ρYe =
1
pi2NA
(
mec
~
)3
∫ ∞
0
(Se − Sp)p
2dp. (9)
Here NA is the Avogadro number, and Sp is the Fermi-
Dirac distribution for positrons with the chemical poten-
tial µp = −µe. Its value can become as large as 2, 5
and 11 MeV at high densities ρYe = 10
8, 109 and 1010
g/cm3, respectively, decreasing slightly as the tempera-
ture increases. The reaction rates become larger at higher
densities because of the larger chemical potential.
Here, we evaluate the electron capture rates on 23Na
and 25Mg. These rates are important in the study of the
nuclear URCA processes that determine the cooling of
the O-Ne-Mg core of stars with initial masses of 8-10 M⊙
[63, 64]. The electron-capture rates for 23Na(e−,ν)23Ne
are evaluated by using the B(GT ) strengths obtained
from the IM-SRG and CCEI methods for densities ρYe
=108, 109 and 1010 g/cm3 and temperatures T = 108.7-
109.6 K. The GT transitions from 3/2+(g.s.) and
5/2+(0.440 MeV) states in 23Na are included. The calcu-
lated rates are shown in Fig. 15. Here the same quench-
ing factor fq = 0.77 is used for all three interactions. The
rates calculated by using the IM-SRG and CCEI meth-
ods are large compared with the USDB results. In the
USDB* interaction shown in Fig. 15, the available ex-
perimental energies and B(GT ) strengths are taken into
account, so the USDB* is more realistic [64]. Our re-
sults for the IM-SRG are close to those for the USDB*.
FIG. 15: Calculated electron capture rates on 23Na obtained
by shell model calculations with different effective interac-
tions.
This comes from the fact that the B(GT ) value for the
transition from the g.s. of 23Na to the g.s. of 23Ne is
close to the experimental value in case of IM-SRG, while
it is smaller (larger) in case of USDB (CCEI). Both IM-
SRG and CCEI give larger B(GT ) than USDB and the
experiment for Ex = 0.5-3.5 MeV. Compared to USDB
and USDB*, this leads to an enhancement of the capture
rates by about a factor 2 at higher densities, ρYe =10
10
g/cm3. Since the dominant contribution to the capture
rates for 23Na (e−, ν) 23Ne comes from the g.s. to g.s.
transition [63, 64], IM-SRG is practically applicable to
the evaluation of the weak rates in stellar environment,
in spite of the enhanced B(GT ) strength at Ex = 0.5-3.5
MeV. The results calculated from the CCEI are enhanced
compared to the USDB* by a factor of 2-4.
Electron-capture rates for 25Mg(e−,ν)25Na are shown
in Fig. 16. The GT transitions from 5/2+(g.s.),
1/2+(0.588 MeV) and 3/2+(0.975 MeV) states in 25Mg
are taken into account. The rates calculated with the
CCEI and IM-SRG are close to those of the USDB*
within a factor of 2. We thus find that the GT strengths
obtained by the ab initio interactions are reasonably valid
for the evaluation of the weak rates at high densities and
high temperatures for the lower mass sd shell nuclei con-
sidered here.
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FIG. 16: Calculated electron capture rates on 25Mg obtained
by shell model calculations with different effective interac-
tions.
V. CONCLUSIONS
In the present work we used ab initio effective inter-
actions to calculate the GT strengths in the sd shell nu-
clei. The results of the USDB interaction show reason-
able agreement with the available experimental data in
comparison to ab initio effective interactions. Our work
adds more information on the GT strength distributions
obtained in earlier work. In some cases shifting of energy
levels occurs, because ab initio effective interactions are
not able to reproduce correctly the excited states at the
particular observed energies.
The GT calculated strengths are found to be applica-
ble to evaluate nuclear weak rates for some lower mass sd
shell nuclei, such as 23Na and 25Mg, within a factor of 2-4
in stellar environments. These nuclear weak rates play
important roles in astrophysical processes. It is highly
desirable to improve the ab initio method by including
further the three-body valence cluster terms, that is, the
terms IM-SRG(3) or HAc+33 . It is also of interest to ex-
tend the method to include contributions from the two-
body GT operators. In this work, they are taken into
account by a phenomenological quenching factor for the
one-body operator.
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